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1 Introduction 
 

It is well known that group theory and Galois theory provided a thorough solution to the famous 

problem of determining which polynomial equations have general solutions involving only radicals and 

arithmetic operations. The answer is it’s not possible when the degree of the polynomial is higher than 

4. 

Most writings on this topic focused on this famous impossibility result. But Galois theory also gives us a 

roadmap to finding the solutions for cubic (degree 3) and quartic (degree 4) polynomial equations, 

which are quite non-trivial. I find such exercises very illuminating for understanding Galois theory and 

group theory. 

I have always been fascinated by this topic, these notes are for crystalizing my own understandings and 

preserving some memory of a quite challenging and enjoyable intellectual journey, while I am still 

fortunate enough to be able to get my mind around such a beautiful thing. If anyone else finds it useful, 

that will be a bonus. 

2 Notation 
 

Standard notations: 

Q: Rational numbers field 

𝑭[𝑿𝟏, 𝑿𝟐. . ]: Ring of polynomials in variates 𝑋1, 𝑋2 … with coefficients in field F 

𝑭(𝑿𝟏, 𝑿𝟐. . ): Field of rational functions in variates 𝑋1, 𝑋2 … with coefficients in field F, it is the field of 

fractions of 𝐹[𝑋1, 𝑋2. . ] 

R[a]: Ring R extended by element a 

F(a): Field F extended by element a 

 

3 Galois theory 
 

Galois theory gives a very nice relationship between field extensions and subgroups of field 

automorphism groups. There are technical details (not all field extensions are Galois extensions [Milne 

Definition 3.9]) and the theorems are by no means easy to prove, but the basic idea and results are very 

intuitive. The key idea is to use automorphisms over a field to study the field. A field automorphism is a 



mapping between elements in a field that preserves arithmetic operations, i.e. if 𝜎 is such a mapping, 

then for any 2 elements 𝑎, 𝑏 in the field and any arithmetic operation #, the relationship below holds: 

𝜎(𝑎)#𝜎(𝑏) = 𝜎(𝑎#𝑏) 

This implies that any equation involving elements in the field still holds after all elements are mapped by 

the automorphism. 

Given two fields 𝐹 ⊂ 𝐸, all automorphisms in 𝐸 that keep 𝐹 unchanged form a group. If the field 

extension E/F is a Galois extension (which means no element outside F can remain unchanged by all 

such automorphisms), this group is called the Galois group of 𝑬 over 𝑭, Gal(E/F). 

The Fundamental Theorem of Galois Theory says that, given fields 𝐹 ⊂ 𝑀 ⊂ 𝐸, if the extension E/F is 

Galois, then there is a one-to-one correspondence between M and a subgroup H of Gal(E/F): 

𝐹𝑖𝑒𝑙𝑑𝑠:    𝐹                ⊂     𝑀 ⊂   𝐸 

𝐺𝑟𝑜𝑢𝑝𝑠:  𝐺𝑎𝑙(𝐸/𝐹) ⊳     𝐻  ⊳   𝐼 

 

Where 𝐼 is the trivial group 𝐼 = {𝑒}. In this correspondence relationship, the groups are the Galois 

groups of E over the fields, and the fields are the invariant fields of the groups. The theorem tells us 

something about both field extensions E/M, and M/F: 

1. The more general part of the theorem is about field extension E/M, it must be Galois, and its 

Galois group 𝐻 is a subgroup of 𝐺𝑎𝑙(𝐸/𝐹). Conversely, every subgroup of 𝐺𝑎𝑙(𝐸/𝐹) has an 

invariant field M which is a subfield of E. Furthermore, order of H equals to the degree of the 

field extension (i.e. when E is viewed as a linear space over M, its dimension over M), written as 

[𝐸: 𝑀]: 

 

[𝐸: 𝑀] = |𝐻| 

 

This part holds for any subfield M and subgroup H 

 

2. The second and more powerful part of the theorem requires H to be a normal subgroup of 

Gal(E/F) and M/F be a normal extension [Milne Definition 3.7]. In this case, the Galois group of 

extension M/F is the quotient group Gal(E/F)/H: 

 

𝐺𝑎𝑙(𝑀/𝐹) = 𝐺𝑎𝑙(𝐸/𝐹)/𝐻 
[𝑀: 𝐹] = |𝐺𝑎𝑙(𝐸/𝐹)/𝐻| 

 

 

The Galois theory gives us a powerful tool, Galois groups, to understand fields. Fields and their 

behaviors are difficult to intuitively understand, but finite groups are very concrete objects and are well 

understood, as we will see below. 



4 General radical solution of polynomial equations 
 

Some basic setups: 

n: Degree of the polynomials we are trying to solve using arithmetic operations and radicals (n=3, 4 in 

this article) 

F: Field of rational numbers extended with all m-th root of 1, for all 𝑚 ≤ 𝑛. For this article n=3, 4, we can 

just take 

𝐹 = 𝑄(𝑒𝑖
2
3

𝜋, 𝑖) 

If f(X) is a polynomial with coefficients in field F and roots not in F, we can add its roots to F to extend F, 

this field is called the splitting field of f(X) over F and, with some technical conditions [Milne Theorem 

3.10], is a Galois extension over F. The Galois group of this extension is called the Galois group of 

polynomial f(X) over F. 

The polynomials we consider are polynomials with coefficients and roots in the field of multivariate 

rational functions. That is, the coefficients and roots are not numbers, they are polynomials and fraction 

of polynomials: 

𝐹(𝑋1, 𝑋2 … 𝑋𝑛) 

If there is a general formula for solving polynomial equations, it will apply to polynomials in any fields, 

including 𝐹(𝑋1, 𝑋2 … 𝑋𝑛). It turns out using this field to study general solutions of polynomial equations 

is easier than using number fields. 

Symmetric Rational Functions are rational functions in 𝐹(𝑋1, 𝑋2 … 𝑋𝑛) that are symmetric in all variates 

𝑋1, 𝑋2, … 𝑋𝑛, i.e. they don’t change under any permutation of the variates. There are n Elementary 

Symmetric Polynomials. We use symbols 𝑏, 𝑐, 𝑑, … and the alternating signs so when they appear as 

coefficients of general polynomials in the paragraph below, the symbols match conventional notations. 

 

𝑏 = −(𝑋1 + 𝑋2 + ⋯ + 𝑋𝑛) 

𝑐 = 𝑋1𝑋2 + 𝑋2𝑋3 + ⋯ 

𝑑 = −(𝑋1𝑋2𝑋3 + 𝑋2𝑋3𝑋4 … ) 

𝑒 = 𝑋1𝑋2𝑋3𝑋4 + ⋯ 

… 

  

The Symmetric Polynomials Theorem [Milne Theorem 5.33] states that any symmetric rational function 

can be generated by the Elementary Symmetric Polynomials via arithmetic operations. This is not 

difficult to understand, for any symmetric polynomial, one can look at the terms from the highest total 

degree of variates to the lowest, the fact that it’s symmetric ensures that all terms with the same 

combination of degrees have the same coefficients and can be expressed by the elementary symmetric 

polynomials via multiplication and addition. 



General Polynomial of degree n: the polynomial in variate X with Elementary Symmetric Polynomials as 

coefficients: 

𝑓(𝑋) ∈ 𝐹(𝑏, 𝑐, 𝑑 … )[𝑋] 

𝑓(𝑋) = 𝑋𝑛 + 𝑏𝑋𝑛−1 + 𝑐𝑋𝑛−2 … 

 

f(X)’s roots are 𝑋1, 𝑋2 … 𝑋𝑛: 

𝑓(𝑋) = (𝑋 − 𝑋1)(𝑋 − 𝑋2) … (𝑋 − 𝑋𝑛) 

Any permutation of 𝑋𝑖  is a valid automorphism in 𝐹(𝑋1, 𝑋2 … 𝑋𝑛), the field of invariants of the 

symmetric group 𝑆𝑛 on 𝐹(𝑋1, 𝑋2 … 𝑋𝑛) is the field of all symmetric multi-variate rational functions in 

(𝑋1, … 𝑋𝑛); and per the Symmetric Polynomial Theorem, it is 𝐹(𝑏, 𝑐, 𝑑 … ), i.e. they are all generated by 

the Elementary Symmetric Polynomials. This means that the Galois group 𝐺𝑎𝑙(𝐹(𝑋1, 𝑋2 … 𝑋𝑛)/

𝐹(𝑏, 𝑐, 𝑑 … ) = 𝑆𝑛. This is the reason using the multi-variate rational function field 𝐹(𝑋1, 𝑋2 … 𝑋𝑛) and 

symmetric rational functions field 𝐹(𝑏, 𝑐, 𝑑 … ) to study the general polynomial solution problem is 

easier and cleaner than using number fields. With number fields, not all permutations of a given 

polynomial’s roots are guaranteed to be valid automorphisms, the Galois group of a given polynomial is 

generally a subgroup of 𝑆𝑛 and depends on the specific polynomial. 

5 Field extension by radicals 
 

If a field F is extended by m-th radicals of an element in it: 

𝐸 = 𝐹(𝑟1, 𝑟2, … , 𝑟𝑚) 

𝑟𝑖
𝑚 = 𝑠      𝑠 ∈ 𝐹    𝑟𝑖 ∉ 𝐹      𝑖 ∈ {1, . . , 𝑚} 

The m roots of the equation 𝑋𝑚 = 𝑠 are: 

𝑟1 = 𝑟 

𝑟2 = 𝑟𝑞 

𝑟3 = 𝑟𝑞2 

… 

Where 𝑞 = 𝑒𝑖
2𝜋

𝑚 . The Galois group of equation 𝑋𝑚 = 𝑠, which consists of mappings between 𝑟𝑖, is 

determined by the mapping of 𝑟, since mapping of all other roots is determined by it. If 𝑘 is the smallest 

power that makes 𝑟𝑘 ∈ 𝐹, then k must divide 𝑚, and the mapping in the Galois group of equation 𝑋𝑚 =

𝑠 must map 𝑟 to 𝑟𝑞
𝑚

𝑘
𝑙 for 𝑙 ∈ {1, . . 𝑘} since it cannot change elements in 𝐹, and all such mappings are 

valid elements of the Galois group, so the Galois group is a cyclic group of order 𝑘. 

6 The fundamental idea 
 

If 𝑓(𝑋) = 0 can be solved by arithmetic operations and radicals, the formula of the solution takes 

symmetric polynomials 𝑏, 𝑐, 𝑑 … as inputs, and generates asymmetric polynomials 𝑋1, 𝑋2 … 𝑋𝑛 as 



outputs. As a consequence, the formula extends the field 𝐹(𝑏, 𝑐, 𝑑 … ) to 𝐹(𝑋1, 𝑋2 … 𝑋𝑛). The formula 

only involves arithmetic operations and radicals. Arithmetic operations do not extend fields, so all the 

field extensions are achieved by radicals. Existence of such a formula, i.e. solvability of the general 

polynomial equations by radicals, is equivalent to existence of a series of field extensions by radicals that 

extends 𝐹(𝑏, 𝑐, 𝑑, … ) to 𝐹(𝑋1, 𝑋2 … 𝑋𝑛). Since the radical extension is a normal field extension, and its 

Galois group is a cyclic group (per Section 5), per the Fundamental Theorem of Galois Theory, there is a 

one-to-one mapping between the series of radical field extensions and normal subgroups of 

𝐺𝑎𝑙(𝐹(𝑋1, 𝑋2 … 𝑋𝑛)/𝐹(𝑏, 𝑐, 𝑑, … ) = 𝑆𝑛, with each subgroup corresponding to an intermediate field 

extended from previous one by a radical, and the quotient group being Abelian (actually a little stronger, 

it’s cyclic). In such cases, the top level group is said to be solvable, and the series of normal subgroups is 

called a normal series. 

It’s a well-known result in elementary group theory that 𝑆𝑛 is only solvable for 𝑛 < 5, so polynomial 

equations only have general radical solutions when 𝑛 < 5. 

For 𝑛 = 3, 4, 𝑆𝑛 does have a normal series, which gives us a roadmap to finding general solutions by 

radical. Discovery of the classic methods for solving these equations by Ferro, Cardano and Ferrari 

required a lot of ingenuity. Using Galois theory, the solutions come very naturally. 

7 The general radical solution of cubic equations (n=3) 

7.1 Subgroup and Subfield series 
For 𝑛 = 3, 𝑆3 has only one non-trivial proper normal subgroup, consisting of 3-cycles: 

𝐺1 = {(1), (1, 2, 3), (1, 3, 2)} ≅ 𝐶3 

It’s an Abelian group, so the normal series is: 

(𝐺 = 𝑆3)   ⊳   𝐺1   ⊳  𝐼  

The quotient group 𝐺/𝐺1 ≅ 𝐶2 consists of 2 cosets: 

𝐺/𝐺1 = {𝜏1, 𝜏2}  

𝜏1 = { (1), (1, 2, 3), (1, 3, 2) } 

𝜏2 = { (1, 2), (2, 3), (1, 3) } 

The Galois theory field-group correspondence is: 

𝐹𝑖𝑒𝑙𝑑𝑠 ∶ 𝐷 ⊂  𝐸1  ⊂  𝐸 

𝐺𝑟𝑜𝑢𝑝𝑠 ∶ 𝐺 ⊳  𝐺1  ⊳   𝐼 

Where: 

𝐷 = 𝐹(𝑏, 𝑐, 𝑑) : field of 3-variate symmetric rational functions, it is the field of the coefficients of the 

cubic general polynomial  

𝐸1 : Field of 3-variate rational functions that are invariant under 3-cycles but not necessarily invariant 

under other permutations in 𝑆3 (i.e. transpositions), for example 𝑋1
2𝑋2 + 𝑋2

2𝑋3 + 𝑋3
2𝑋1 

 

𝐸 = 𝐹(𝑋1, 𝑋2, 𝑋3) : field of any 3-variate rational functions 



Now that we have identified the series of fields, the next step is to find the elements that, under radical 

operations, will extend the fields in the series. 

7.2 Extension 𝐸/𝐸1 
Let’s first look at the extension 𝐸/𝐸1, we know it’s Galois group is 𝐺1 ≅ 𝐶3, so per Section 5, the radical 

equation that extends the field from 𝐸1 to 𝐸 has degree 𝑚 = 3𝑙, the minimum being 3. We look for a 

cubic equation with coefficients in 𝐸1 of the form: 

𝑋3 = 𝑢    𝑢 ∈ 𝐸1 

And with roots in 𝐸 that can generate the entire field 𝐸. I will call such roots radical generators. They 

must satisfy: 

𝑟1 = 𝑟 

𝑟2 = 𝑟𝛽 

𝑟3 = 𝑟𝛽2 

where 𝛽 = 𝑒𝑖
2

3
𝜋. Let’s see what are the constraints on 𝑟.  Since 𝐺1 is the Galois group of 𝐸/𝐸1, elements 

in 𝐺1, i.e. 3-cycle permutations of variates {𝑋1, 𝑋2, 𝑋3}, must map 𝑟 to one of the other 2 roots. Let: 

𝜎1 = (1, 2, 3) 

𝜎2 = (1, 3, 2) = 𝜎1
2 

We choose: 

𝜎1(𝑟) = 𝑟𝛽 

Any 𝑟 satisfying this condition will allow us to extend field 𝐸1 to 𝐸. Since we ultimately want to get to 

{𝑋1, 𝑋2, 𝑋3}, we start with one of them, say 𝑋1. An obvious way to satisfy the condition above is to let 

𝑟 = 𝑋1 +
𝜎1(𝑋1)

𝛽
+

𝜎1
2(𝑋1)

𝛽2
= 𝑋1 + 𝑋2𝛽2 + 𝑋3𝛽 

𝑢 = 𝑟3     𝑢 ∈ 𝐸1 

So given elements in 𝐸1, including 𝑢 = 𝑟3, 𝑟1 = 𝑟 can be obtained by radical calculation: 𝑟 = √𝑢
3

.  

When we eventually construct a formula to extend fields from 𝐷 to 𝐸, 𝑟 will be the first element in 𝐸 

that’s not in 𝐸1 we obtain. We know all other elements in 𝐸 can be calculated from elements in 𝐸1 and 

𝑟. Our goal is the roots {𝑋1, 𝑋2, 𝑋3}. How to calculate {𝑋1, 𝑋2, 𝑋3} from 𝑟? There are general methods to 

solve this problem for any number of variates 𝑚, but for our purpose we only need 𝑚 = 2, 3, for these 

small numbers it’s not difficult to find the solutions directly. Let: 

𝑋1 +      𝑋2 +      𝑋3 = 𝑠1 = −b 

𝑋1 +   𝛽𝑋2 + 𝛽2𝑋3 = 𝑠2 

𝑋1 + 𝛽2𝑋2 +   𝛽𝑋3 = 𝑠3 = 𝑟 

 

𝑠1 is a totally symmetric polynomial and is given as one of the coefficients of the general polynomial. 

𝑠3 = 𝑟 is already obtained as discussed above. For 𝑠2, observe that 

𝜎1(𝑠2) = 𝑠2𝛽2 



So, if we let 𝑣 = 𝑠2𝑠3,  

𝜎1(𝑣) = 𝜎1(𝑠2𝑠3) = 𝑠2𝑠3 = 𝑣 

In other words, 𝑣 = 𝑠2𝑠3 ∈ 𝐸1. So we can calculate 𝑠2 from 𝑣 and 𝑠3. From {𝑠1, 𝑠2, 𝑠3}, we can calculate  

{𝑋1, 𝑋2, 𝑋3} by arithmetic calculations: 

𝑋1 =
1

3
(𝑠1 +      𝑠2 +      𝑠3) 

𝑋2 =
1

3
(𝑠1 + 𝛽2𝑠2 +   𝛽𝑠3) (1) 

𝑋3 =
1

3
(𝑠1 +   𝛽𝑠2 + 𝛽2𝑠3) 

It’s interesting to note that {𝑠1, 𝑠2, 𝑠3} are the discrete Fourier transforms of {𝑋1, 𝑋2, 𝑋3}. And: 

𝑠1 = −𝑏 

s2 =
𝑣

𝑟
   (2) 

s3 = 𝑟 

      𝑟 = √𝑢
3

 

Finally, we calculate the expressions of the key elements 𝑢 and 𝑣 needed from 𝐸1: 

𝑢 = 𝑟3 = (𝑋1 + 𝑋2𝛽2 + 𝑋3𝛽)3 = 

   𝑋1
3 + 𝑋2

3 + 𝑋3
3 + 

   3𝛽2(𝑋1
2𝑋2 + 𝑋2

2 𝑋3 + 𝑋3
2𝑋1) + 

   3𝛽(𝑋1
2𝑋3 + 𝑋2

2𝑋1 + 𝑋3
2𝑋2) + 

   6𝑋1𝑋2𝑋3 

= 3(𝛽 − 𝛽2)(𝑋1
2𝑋3 + 𝑋2

2𝑋1 + 𝑋3
2𝑋2) − 𝑏3 − 3(𝛽2 − 1)𝑏𝑐 + 9(𝛽2 − 1)𝑑 

𝑣 = 𝑠2𝑠3 = (𝑋1 +   𝛽𝑋2 + 𝛽2𝑋3)(𝑋1 + 𝛽2𝑋2 +   𝛽𝑋3)                                             

=  𝑋1
2 + 𝑋2

2 + 𝑥3
2 − (𝑋1𝑋2 + 𝑋2𝑋3 + 𝑋3𝑋1) =                       (3) 

                                          = 𝑏2 − 3𝑐 

Where 𝑏, 𝑐, 𝑑 are elementary symmetric polynomials as defined in Section 4. For 𝑢, only the first term is 

not in 𝐷 (totally symmetric polynomials), and 𝑣 is in 𝐷. Define 

𝑤1 = 𝑋1
2𝑋3 + 𝑋2

2𝑋1 + 𝑋3
2𝑋2 

Then: 

𝑢 = 3(𝛽 − 𝛽2)𝑤1 − 𝑏3 − 3(𝛽2 − 1)𝑏𝑐 + 9(𝛽2 − 1)𝑑 (4)
𝑤1 ∈ 𝐸1

 

In the next step, we will find out how to calculate 𝑤1 from elements in 𝐷. 

7.3 Extension 𝐸1/𝐷 
 

Now we look at the extension 𝐸1/𝐷. As mentioned in Section 7.1, the Galois group of this extension is 

the quotient group 𝐺/𝐺1: 



𝐺/𝐺1 = {𝜏1, 𝜏2}  

𝜏1 = { (1), (1, 2, 3), (1, 3, 2) } 

𝜏2 = { (1, 2), (2, 3), (1, 3) } 

The effect of this group on 𝑤1 is: 

𝜏1(𝑤1) = 𝑤1 

𝜏2(𝑤1) = 𝑤2 = 𝑋1
2𝑋2 + 𝑋2

2 𝑋3 + 𝑋3
2𝑋1 

Here we see a good example of quotient group in action. Although the cosets 𝜏1 and 𝜏2 have multiple 

permutations as elements, all the permutations have the same effect on 𝑤1, so the whole coset acts as 

one element of the quotient group 𝐺/𝐺1. 

Because the Galois group 𝐺/𝐺1 ≅ 𝐶2, the extension is achieved by a square root. We can follow the 

same process used in the last section by constructing the radical generator of the field 𝐸1 which is a 

square root of an element in 𝐷, and then calculating 𝑤1 from the generator. But there is a shortcut. 

Observe that the degree of extension 𝐸1/𝐷 is 2, so every element in 𝐸1 but not in 𝐷 satisfies a degree 2 

polynomial equation with coefficients in 𝐷. Since we already know how to solve degree 2 (quadratic) 

polynomial equations, we can directly construct the equation satisfied by 𝑤1, and solve for 𝑤1 from it. 

This is not very different from the method of looking for the square root generator, since the key step in 

the solution of the quadratic equation that extends the field from 𝐸1 to D is still the square root 

operation, but it makes the calculation shorter. 

If 𝑔(𝑋) = 0 is the equation satisfied by 𝑤1 with coefficients in 𝐷, the Galois group 𝐺/𝐺1, and in 

particular its only non-identity element 𝜏2, must map 𝑤1 to its other root, so the other root is 

𝜏2(𝑤1) = 𝑤2, and 

𝑔(𝑋) = 𝑋2 − (𝑤1 + 𝑤2)𝑋 + 𝑤1𝑤2 

With coefficients 𝑤1 + 𝑤2 and 𝑤1 𝑤2 both in 𝐷. We finally reach the field of coefficients of the cubic 

general polynomial! The last step is to express 𝑤1 + 𝑤2 and 𝑤1 𝑤2 by elementary symmetric 

polynomials, which are the coefficients of the cubic general polynomial. This is a straightforward if a bit 

laborious process [Milne Theorem 5.33]. We have: 

𝑦1 = 𝑤1 + 𝑤2 = −𝑏𝑐 + 3𝑑 

𝑦2 = 𝑤1𝑤2 = 𝑏3𝑑 + 𝑐3 + 9𝑑2 − 6𝑏𝑐𝑑 (5) 

𝑤1 =
𝑦1 + √𝑦1

2 − 4𝑦2

2
 

 

Now we can go in reverse order in Eqs. (5)-(1) to solve for {𝑋1, 𝑋2, 𝑋3}: 

 

𝑤1 =
−𝑏𝑐 + 3𝑑 + √𝑏2𝑐2 − 4𝑐3 − 4𝑏3𝑑 − 27𝑑2 + 18𝑏𝑐𝑑)

2
 

𝑢 = 3(𝛽 − 𝛽2)𝑤1 − 𝑏3 − 3(𝛽2 − 1)𝑏𝑐 + 9(𝛽2 − 1)𝑑 

𝑟 = √𝑢
3

 

𝑠1 = −𝑏 



s2 =
𝑏2 − 3𝑐

𝑟
 

s3 = 𝑟 

𝑋1 =
1

3
(𝑠1 +      𝑠2 +      𝑠3) 

𝑋2 =
1

3
(𝑠1 + 𝛽2𝑠2 +   𝛽𝑠3)  

𝑋3 =
1

3
(𝑠1 +   𝛽𝑠2 + 𝛽2𝑠3) 

To simplify the results, we can make 𝑏 = 0 by a substitution 𝑋 = 𝑍 −
𝑏

3
. Then the results are much 

cleaner and are the same as the classic ones obtained by Ferro and Cardano: 

𝑟 = 3√√
𝑐3

27
+

𝑑2

4
−

𝑑

2

3

 

𝑋1 =
1

3
(𝑟 −

3𝑐

𝑟
) 

𝑋2 =
1

3
(  𝛽𝑟 − 𝛽2

3𝑐

𝑟
)  

𝑋3 =
1

3
( 𝛽2𝑟 −  𝛽

3𝑐

𝑟
) 

One interesting question is, when we take the square root when calculating 𝑤1 and cubic root when 

calculating 𝑟, there are multiple roots. Which one should we take? The answer is we can take any one, 

different choices of the roots eventually give us different permutations of the roots, i.e. how the 3 actual 

roots map to 𝑋1, 𝑋2, 𝑋3. This can be understood from the group structure perspective. For 𝑛 = 3, the 

Galois group 𝐺 = 𝐺𝑎𝑙(𝐸/𝐷) is the semidirect product of the Galois group of the two extensions: 

𝐺𝑎𝑙(𝐸/𝐷) = 𝐺𝑎𝑙(𝐸/𝐸1) ⋊ 𝐺𝑎𝑙(𝐸1/𝐷) 

𝐺 = 𝑆3 = 𝐶3 ⋊ 𝐶2 

(This is not always true, but at least when the order of the normal subgroup and the quotient group are 

coprime it is, per the Schur–Zassenhaus theorem). When calculating the radicals, choice of the root picks 

an element in each of 𝐶3 and 𝐶2, the combined effect is picking an element in 𝐺 = 𝑆3, which determines 

the eventual permutation of the roots.  This is also why in the formula above, we take care to let each 

radical calculation appear only once to avoid ambiguity. 

We can verify the formula above with an example: 

𝑋3 + 3𝑋 + 1 = 0 

(𝑏 = 0, 𝑐 = 3, 𝑑 = 1) 

When calculating 𝑟, 

𝑐3

27
+

𝑑2

4
=

5

4
 

If we take the positive root for the square root, and real root for the cubic root, we get 



𝑋1 = 𝑝 −
1

𝑝
 

𝑋2 =  𝛽𝑝 − 𝛽2
1

𝑝
  

𝑋3 =  𝛽2𝑝 − 𝛽
1

𝑝
  

Where 

𝑝 = √√5 − 1

2

3

 

One can verify that other choices of roots for the radicals give different permutations of the 3 roots. 

 

8 The general radical solution of quartic equations (n=4) 

8.1 Subgroups and Subfield series 
 

For quartic (𝑛 = 4) equations, 𝑆4 has two non-trivial normal subgroups, the alternating group 𝐴4 with all 

even permutations, and the group of pairwise transpositions: 

𝑉4 = {(1), (12)(34), (13)(24), (14)(23)} 

𝑆4/𝑉4 = 𝑆3 is not Abelian, so 𝑉4 cannot be the first normal subgroup in the normal series. 𝐴4 has 𝑉4 as 

the only non-trivial normal subgroup, and 𝑉4 has 3 non-trivial normal subgroups with identity and one of 

the pairwise transpositions. These 3 normal subgroups are conjugate to each other, they give us 3 

normal series with the same basic structure. We choose: 

𝐹𝑖𝑒𝑙𝑑𝑠 ∶ 𝐷 ⊂  𝐸1  ⊂ 𝐸2 ⊂ 𝐸3 ⊂ 𝐸 

𝐺𝑟𝑜𝑢𝑝𝑠 ∶ 𝐺 ⊳  𝐺1  ⊳ 𝐺2 ⊳ 𝐺3 ⊳ 𝐼 

Where 

𝐺 = 𝑆4 

𝐺1 = 𝐴4 

𝐺2 = 𝑉4 

𝐺3 = {(1), 𝜎1}  ≅ 𝐶2 

𝜎1 = (12)(34) 

And the fields are 4-variate rational functions invariant under the corresponding groups. We define 

some of the elements that will be used later: 

𝑢12 = 𝑋1 + 𝑋2 

𝑢34 = 𝑋3 + 𝑋4 

𝑣12 = 𝑋1𝑋2 

𝑤1 = 𝑋4𝑋1 + 𝑋2𝑋3 

𝑤2 = 𝑋4𝑋2 + 𝑋1𝑋3 



𝑤3 = 𝑋4𝑋3 + 𝑋1𝑋2 

8.2 Extension 𝐸/𝐸3 
 

The Galois group of the extension is 

𝐺𝑎𝑙(𝐸/𝐸3) = 𝐺3 ≅ 𝐶2 

As mentioned in Section 7.3, since the degree of extension [𝐸: 𝐸3] = 2, and we know how to solve 

degree 2 polynomial equations, we look for the equations satisfied by {𝑋1, 𝑋2, 𝑋3, 𝑋4} with coefficients 

in 𝐸3 directly. For 𝑋1, the other root is 𝜎1(𝑋1) = 𝑋2, so the equation for 𝑋1, which is also the one for 𝑋2, 

is: 

𝑋2 − 𝑢12𝑋 + 𝑣12 = 0 

𝑢12, 𝑣12 ∈ 𝐸3 

𝑋1, 𝑋2 =
1

2
(𝑢12 ± √𝑢12

2 − 4𝑣12) 

We can solve for 𝑋3, 𝑋4 similarly, but to follow the principle of only performing radical operation when 

we need to extend a field, we avoid that and instead calculate them from 𝑋1, 𝑋2 and elements in 𝐸3. To 

find the relationship, we again use the radical generator concept. For this extension with degree 2, a 

radical generator related to 𝑋1, 𝑋2 is 𝑋1 − 𝑋2, one related to 𝑋3, 𝑋4 is 𝑋3 − 𝑋4, both gain a factor of −1 

(non-trivial root of degree 2 radical of 1) under the Galois group element 𝜎1. Observe that 

𝜎1((𝑋1 − 𝑋2)(𝑋3 − 𝑋4)) = (𝑋1 − 𝑋2)(𝑋3 − 𝑋4) 

so 

(𝑋1 − 𝑋2)(𝑋3 − 𝑋4) = 𝑤2 − 𝑤1 ∈ 𝐸3 

And 

𝑋3 =
1

2
(

𝑤2 − 𝑤1

𝑋1 − 𝑋2
+ 𝑢34) 

𝑋4 = 𝑢34 − 𝑋3 

𝑢34, 𝑤1, 𝑤2 ∈ 𝐸3 

8.3 Extension 𝐸3/𝐸2 
 

The Galois group of the extension is  

𝐺𝑎𝑙(𝐸3/𝐸2) = 𝑉4/𝐺3 ≅ 𝐶2 

= {𝜏1, 𝜏2} 

 

𝜏1 = {(1), 𝜎1} 

𝜏2 = {𝜎2, 𝜎3} 

𝜎2 = (13)(24) 

𝜎3 = (14)(23) 



Taking the same approach as that for the extension 𝐸/𝐸3, we construct the degree 2 equation satisfied 

by 𝑢12 with coefficients in 𝐸2. The other root of the equation is 

𝜏2(𝑢12) = 𝑢34 

So the equation is 

𝑋2 + 𝑏𝑋 + 𝑤1 + 𝑤2 = 0 

𝑏, 𝑤1, 𝑤2 ∈ 𝐸2 

𝑢12, 𝑢34 =
1

2
(−𝑏 ± √𝑏2 − 4(𝑤1 + 𝑤2)) 

 

Where 𝑏 = −(𝑢12 + 𝑢34) = −(𝑋1 + 𝑋2 + 𝑋3 + 𝑋4) is a totally symmetric 4-variate polynomial and is a 

coefficient of the degree 4 general polynomial we are trying to solve. The other element in 𝐸3 needed 

for extension to 𝐸 in the previous section is 𝑣12 = 𝑋1𝑋2. Using the same method as in previous section, 

we find the expression for it from 𝑢12, 𝑢34 and elements in 𝐸2 to be:  

𝑣12 =
1

2
(

2𝑑 − 𝑏𝑤3

𝑢12 − 𝑢34
+ 𝑤3) 

𝑑 = −(𝑋1𝑋2𝑋3 + 𝑋1𝑋2𝑋4 + 𝑋1𝑋3𝑋4 + 𝑋2𝑋3𝑋4) 

𝑏, 𝑑, 𝑤3 ∈ 𝐸2 

Here we must calculate 𝑣12 from 𝑢12, 𝑢34 and elements in 𝐸2 using only arithmetic calculations, instead 

of directly solving it using quadratic equation, because otherwise, there will be ambiguity from the 

square root for both  𝑢12 vs 𝑢34, and 𝑣12 vs its companion root, we will not be able to guarantee 𝑢12 

and 𝑣12 are properly matched. 

8.4 Extension 𝐸2/𝐷 
 

We can continue with 𝐸2/𝐸1 then 𝐸1/𝐷, but the group structure offers a shortcut. Incidentally, the 𝑉4 in 

the normal series corresponding to 𝐸2 is also a normal subgroup of the top-level group 𝑆4, with quotient 

group 𝑆4/𝑉4 ≅ 𝑆3 [GP-S4]. We get a hint of this fact from the normal series of 𝑆4, the first two quotient 

groups 𝑆4/𝐴4 ≅ 𝐶2 and 𝐴4/𝑉4 ≅ 𝐶3 are the same as the normal series of 𝑆3. 

 𝑆3 is the Galois group of the cubic equitation that we have solved in Section 7. This means that the field 

D (symmetric 4-variate polynomials) can be extended from 𝐸2 by a cubic equation. To construct this 

equation, let’s first look at the quotient group 𝑆4/𝑉4 ≅ 𝑆3. It’s not difficult to find out by a direct 

computation that cosets of 𝑉4 can be generated by one of the 𝑆3 groups within 𝑆4, which are 

permutations with one of the positions {1,2,3,4} fixed. In other words, 𝑉4 has the 𝑆3 groups as 

complements [GP-S4].  We pick the one that fixes 4: 

𝐺𝑎𝑙(𝐸2/𝐷) = {𝜎𝑉4 ∶ 𝜎 ∈ 𝐻} ≅ 𝑆3 

𝐻 = {𝑝𝑒𝑟𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛𝑠 𝑡ℎ𝑎𝑡 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑐ℎ𝑎𝑛𝑔𝑒 4} ≅ 𝑆3 

The generators of 𝐻 are: 

𝜔1 = (12) 



𝜔2 = (23) 

𝜔3 = (13) 

To see how 𝐺𝑎𝑙(𝐸2/𝐷) acts on field 𝐸2, we look at the images of one element 𝑤1 ∈ 𝐸2. Since 𝐸2 is 

invariant under 𝑉4, the action is from the element in 𝐻: 

𝜔1(𝑤1) = 𝑤2 

𝜔2(𝑤1) = 𝑤1 

𝜔3(𝑤1) = 𝑤3 

𝜔1
2(𝑤1) = 𝜔1(𝑤2) = 𝑤1 

…. 

So 𝐻, and thus 𝐺𝑎𝑙(𝐸2/𝐷), transforms 𝑤1, 𝑤2, 𝑤3 by a permutation among them, the same way as 𝑆3 on 

𝑋1, 𝑋2, 𝑋3 for cubic equations. An equation with  𝑤1, 𝑤2, 𝑤3 as roots will have coefficients invariant 

under 𝐺𝑎𝑙(𝐸2/𝐷), which means they are in 𝐷 and will be totally symmetric polynomials. The equation is 

 

𝑋3 + 𝑏′𝑋2 + 𝑐′𝑋 + 𝑑′ = 0 

𝑏′ = −(𝑤1 + 𝑤2 + 𝑤3) = −𝑐 

𝑐′ = 𝑤1𝑤2 + 𝑤2𝑤3 + 𝑤1𝑤3 = 𝑏𝑑 − 4𝑒 

𝑑′ = −𝑤1𝑤2𝑤3 = 𝑒(4𝑐 − 𝑏2) − 𝑑2 

This is how we solve 𝑤1, 𝑤2, 𝑤3 from coefficients of the general quartic polynomial. To get the final 

solution for 𝑋1, 𝑋2, 𝑋3, 𝑋4, we collect the results above: 

𝑢12, 𝑢34 =
1

2
(−𝑏 ± √𝑏2 − 4(𝑤1 + 𝑤2)) 

𝑣12 =
1

2
(

2𝑑 − 𝑏𝑤3

𝑢12 − 𝑢34
+ 𝑤3) 

𝑋1, 𝑋2 =
1

2
(𝑢12 ± √𝑢12

2 − 4𝑣12) 

𝑋3 =
1

2
(

𝑤2 − 𝑤1

𝑋1 − 𝑋2
+ 𝑢34) 

𝑋4 = 𝑢34 − 𝑋3 

The solution above is in essence the same as the Lagrange resolvent method, except for different choice 

of the generators for the field 𝐸2. In Lagrange resolvent method the generators are 

𝑠1 =
1

2
(𝑋1 − 𝑋2 + 𝑋3 − 𝑋4)2 

𝑠2 =
1

2
(𝑋1 + 𝑋2 − 𝑋3 − 𝑋4)2 

𝑠3 =
1

2
(𝑋1 − 𝑋2 − 𝑋3 + 𝑋4)2 

We could have used these but from our point of view they are a little more complex than 𝑤1, 𝑤2, 𝑤3. 
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